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1 Session Overview

� Date:

� Topic:

– Chapters (Dougherty):

� Goals/Objectives:

1. One

2. Two

3. Three

1.1 Before Class:

2 During Class:

2.1 Welcome

Today we will cover the following:

� Perform a t test on regression outputs.

� Create CIs based on a regression output.

� Understand how to perform an F-Test
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2.1.1 Warm Up:

Example 2.1. Suppose we are testing whether or not the mean µ of a distribution with a
known standard deviation is equal to 58. That is:

H0 : µ = 58

Given a standard deviation of 1.75, what would the acceptance region be at the:

� 5 percent level

� 10 percent level

Answer: 58± 1.96 ∗ 1.75 and 58± 1.645 ∗ 1.75

2.2 Content Section #1:

Time:
Some things to recall from what we’ve discussed:

� The estimate β̂1 comes from a distribution, assumed normal.

� The normal distribution is described by a mean and a variance, with population pa-
rameters µ and σ2.

– We do not know those population parameters, but we can certainly estimate them.

In our review sessions, we covered the z statistic where we can test hypotheses regarding
the mean of a normal distribution based on the known variance. We briefly discussed what
happens when we do not know the variance. That is the case we will be discussing today:
since we do not know the variance of our estimate’s distribution, we must estimate it; and,
since we estimate it, we cannot do a standard z test and must, instead, perform a t test.

I will assume you recall the basics about hypothesis testing, but for a brief recall just
note that:

� We are testing some hypothesis, assuming the null H0 unless we have enough proof to
reject the null in favor of the alternative Ha.

� There exist one-sided and two-sided tests.

– One-sided tests involve explaining whether our estimate is above/below a certain
testable threshold (e.g. the mean of the estimate above/below some number).

– Two-sided tests are concerned with pinning down whether the estimate is equal
to a certain value (e.g. the mean of the estimate is equal to some number).

� Tests have confidence levels that relate to how much of the distribution is within that
level. For example, a 5% significance level indicates that 95% of the density is within
the interval that you are describing.
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� We decide whether we reject or fail to reject the null hypothesis in one of three ways:

1. We can use the confidence interval, rejecting if the estimate is outside of the
interval.

CI : X̄ ± zα ∗ s.d.(X)

2. We can decide based on the z − stat which is obtained via:

z =
X̄ − µ0

s.d.

3. We can use the p-value (rejecting if p < pcv where:

pcv = 1− cdf(z1−α)

With that being said, let’s describe in each of these ways how t tests will differ. What
we are testing in particular is usually a test of whether our regression coefficient is equal to
either one we are testing in theory, or equal to zero. That is:

H0 : β1 = β0
1

where β0
1 is some hypothesized value for the coefficient.

We can reject or fail to reject that hypothesis based on our same three criterion: is the
t − stat we get above the t critical value? Does the estimated coefficient lie within the
bounds of the confidence interval using the hypothesized value? Is the p− value lower that
the critical value of p?
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Let’s start by obtaining and comparing our t statistic. Recall that the only thing that
has changed going from z testing to t is that the standard deviation (the population one) is
unknonwn and we are using an estimate. Therefore, do not be alarmed that all we do to go
from z to t is replace s.d. with our estimate of it, s.e.(X̄.

z =
X̄ − µ0

s.d.
→ t =

X̄ − µo

s.e.(X̄)

We will reject if our t value is below the critical value. How do we get the critical value?
Great question. Let’s take a look at the t and z charts to show how they are different.

Students should notice:

� Degrees of freedom: what is this? (df = n− k where we have k parameters)

� Note the pattern: as df → ∞ then t gets lower — easier threshold to pass!

� z is the limiting distribution of t

The second way we can reject/fail to reject is through seeing if the estimated coefficient
is within our confidence interval. Recall where the CIs come from:

� For the two sided test, we reject the null if t > tcv or t < −tcv. So another way we can
write this would be:

Fail to reject H0 if −tcv < t < tcv

but since t = X̄−µo

s.e.(X̄)
then we can create a confidence interval that is associated only

with our X̄ by multiplying everything by s.e.(X̄) and adding µ0:

Fail to reject H0 if µo − tcv · s.e.(X̄) < X̄ < µo + tcv · s.e.(X̄)

The third way is through obtaining the p− value of our test statistic. If we know our
t − statistic we can see what the ”probability” of getting that particular statistic is
based on the degrees of freedom.

First, obtain your degrees of freedom; this is the number of observations n minus one.

Second, you’ll need to know your t − stat associated with your estimate. Find your
corresponding t − stat on the table — it may be between a few different values, just
pick one that suits it best.

Find the α associated with that t. It’ll either be at the top where it denotes ”cum.
prob” with t1−α/2 or you can go all the way to the bottom to get your probability from
1 minus your confidence level.
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2.3 Activity #1:

Write out a chart for yourself, six boxes. Two rows, three columns. Name the rows z and
t, name the columns test-stat, confidence interval and p-value. Write out for yourself the
formula for each.

If Time Allows

Suppose you run the following regression with n = 101 observations.

Yi = β0 + β1Xi + ϵi (1)

The output is as follows:

β0 β1

Estimate 1 3
S.E. 0.5 1.52

What is the t− statistic associated with a null hypothesis of β1 = 0? What about for
β0 = 0?

t =
X̄

s.e.(X̄)

� What is the critical value that our t stat needs to be greater than assuming 95%
two-sided confidence?? a

� What is your rejection criterion?

� What is the confidence interval?

� What is the rejection decision?

� What is the decision if n = 1002?

at(100, t0.975) = 1.984

2.4 Content Section #2:

Time:
So far, we have used the t-test to assess whether an individual coefficient (typically β1)

is statistically different from zero. But what about the regression model as a whole? Does
it explain a meaningful portion of the variation in the dependent variable?

This is the purpose of the F-test for overall significance or goodness of fit. The
null hypothesis for the F-test is:

H0 : β0 = β1 = 0

In our simple regression model:
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Yi = β0 + β1Xi + ϵi

this means we are testing whether the model has any explanatory power whatsoever —
that is, whether all variation in Y is just random noise (i.e., not explained by X or the
intercept).

The F-statistic is computed as:

F =
Explained Mean Square (ESS per regressor)

Residual Mean Square (RSS per residual df)
=

ESS/(k − 1)

RSS/(n− k)

In simple regression, k = 2 (intercept and slope), so:

F =
ESS

1
· 1

RSS/(n− 2)
=

ESS

RSS/(n− 2)

We can relate this to the R2 as follows:

F =

(
R2

1−R2

)
(n− 2)

This F-statistic follows an F distribution with degrees of freedom (1, n− 2).

Interpretation

� A large F value suggests the model explains a significant amount of variation in Y .

� A small F value implies that the model does not improve our understanding of Y
beyond simply using the mean.
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If Time Allows

Proof: In Simple Regression, F = t2

We will show that in simple regression, the F-statistic for overall significance is equiv-
alent to the square of the t-statistic used to test H0 : β1 = 0.

Recall the following definitions:

� Total Sum of Squares (TSS):

TSS =
∑

(Yi − Ȳ )2

� Explained Sum of Squares (ESS):

ESS =
∑

(Ŷi − Ȳ )2

� Residual Sum of Squares (RSS):

RSS =
∑

(Yi − Ŷi)
2 =

∑
û2
i

Let us now simplify ESS using the regression prediction formula. Recall:

Ŷi = β̂0 + β̂1Xi and Ȳ = β̂0 + β̂1X̄

Then:

Ŷi − Ȳ = (β̂0 + β̂1Xi)− (β̂0 + β̂1X̄) = β̂1(Xi − X̄)

Substitute into ESS:

ESS =
∑

(Ŷi − Ȳ )2 =
∑[

β̂1(Xi − X̄)
]2

= β̂2
1

∑
(Xi − X̄)2

Now recall that the F-statistic in simple regression is:

F =
ESS

RSS/(n− 2)
=

β̂2
1

∑
(Xi − X̄)2∑

û2
i /(n− 2)

We also know that the variance of β̂1 is estimated as:

SE(β̂1)
2 =

∑
û2
i /(n− 2)∑

(Xi − X̄)2

Take the reciprocal and multiply:

F =
β̂2
1

SE(β̂1)2
= t2

Therefore, in simple regression, the F-test for overall model significance is exactly
equivalent to squaring the t-statistic for testing whether β1 = 0.
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Summary Table

Test Type Formula (Simple Regression)

t-test t = β̂1

SE(β̂1)

F -test F =
(

R2

1−R2

)
(n− 2)

Relationship F = t2

How to Use the F Table and Select the Correct Confidence Level

Once you’ve calculated the F -statistic, you’ll want to compare it to the critical value from
the F -distribution table to decide whether to reject the null hypothesis.

Here’s how to choose the correct critical value:

� Look for the row corresponding to the numerator degrees of freedom, which is
df1 = k − 1.

� Look for the column corresponding to the denominator degrees of freedom, which
is df2 = n− k.

� Use the significance level α that matches your hypothesis test — usually α = 0.05 for
a 95% confidence level.

In simple regression:

df1 = 1, df2 = n− 2

So, if you have 101 observations, you would look up F1,99 at the 5% level. The value will
be close to 3.94 (you can confirm using a table or software).

We reject if F > Fcv.

2.5 Activity #2 (Optional):

Time:

2.6 Summary Activity (5 Q’s of Reflection):

1.

3 Be Able To

� Write out a be able to - separate but related to the goals of this lecture.

4 Key Words

� Fill in Here
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